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Lecture notes

1 First lecture

In this course we deal with Algorithms for solving optimization problems where
a single agent makes a decision on the vector x P Rn in order to solve the
following

minimize
x

fpxq

s.t. Cx “ c,

gjpxq ď bj , j “ 1, . . . ,m,

(1)

where f : Rn Ñ R, C P Rpˆn, c P Rp and gj : Rn Ñ R. bj P R for all j. We
name f the objective function and

X “ tx P Rn : Cx “ c, gjpxq ď bj , j “ 1, . . . ,mu

the feasible set of (1). We deal with the case of continuously differentiable
objective function f (see Appendix A.2 for the definition).

A vector qx is a solution of problem (1) if

qx P X; (2)

@x P X it holds that fpqxq ď fpxq. (3)

Developing an algorithm for solving (1) means constructing an iterative
scheme to carry out the following steps:

• choose a starting guess x0 P X;

• at each iteration k, choose a direction dk P Rn;
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• at each iteration k, choose a positive stepsize αk P R to take in the direc-
tion dk.

xk`1 Ð xk ` αkdk

During this course we will highlight how all three of the choices actually have
an impact on the effectiveness of the resulting algorithm.

Let us start by considering the “easy” case of unconstrained optimization, i.e.
whenever X “ Rn. Since gradient of a function f , shows the direction of fastest
(local) growth, it is natural to adopt its opposite ´∇f as a direction of fastest
(local) decrease for each iteration. This leads to the gradient descent method,
described below where, for the moment, we adopt a fixed stepsize (αk “ α for
all k).

Algorithm 1 Gradient descent

1: data: x0 P Rn, α ą 0
2: for k “ 0, 1, . . . do
3: dk Ð ´∇fpxkq

4: xk`1 Ð xk ` αdk

5: end for

Let us run an example in matlab for the quadratic function

fpxq “
1

2
xJQx` hJx “

1

2

n
ÿ

i“1

n
ÿ

j“1

Qijxixj `

n
ÿ

i“1

hixi : R2 Ñ R.

Let us now move on and consider the constrained case, that is, X Ă Rn.
We now need to take into account that we do not want our algorithm to search
outside of X. Therefore Algorithm 1 is no longer a good idea, as it ignores the
existence of constraints of our problem.

To find a direction that takes into account the existence of the constraints,
we rely on the Projection operator on X: PXpyq.

The projection of a point y P Rn on a set X Ď Rn is the point of X that is
closest to y. Whenever y P X, we have PXpyq “ y.

The projection of a point is well-defined (that is, it exists and is unique)
whenever the set on which we are projecting is closed and convex (more details
regarding the projection will be provided in the following lectures).

Unfortunately, solving the unconstrained minimization problem, and pro-
jecting the solution onto the feasible set X does not, in general, correspond to
solving the constrained minimization problem.

The idea is to still use ´∇f as an indication of where to move to obtain func-
tion decrease, but to project back to the feasible set X to obtain the direction
dk.
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Algorithm 2 Projected Gradient Descent

1: data: x0 P X, α P p0, 1s

2: for k “ 0, 1, . . . do
3: dk Ð PXpxk ´ ∇fpxkqq ´ xk

4: xk`1 Ð xk ` αdk

5: end for

For this algorithm, we require a starting point x0 to be feasible. On the
one hand, the condition α P p0, 1s is sufficient to guarantee that each iteration
stays feasible when X is convex, but this condition is not necessary, and can be
limiting to the algorithm speed to converge to the optimal point.

Let us run on matlab the same quadratic example as before, but considering
X “ tx P Rn : Ax ď bu, where A P Rmˆn and b P Rm.

minimize
x

1
2x

JQx` hJx

s.t. aJ
j x ď bj , j “ 1, . . . ,m,

where aj is the j
th row vector of A and 1

2x
JQx`hJx “ 1

2

řn
i“1

řn
j“1Qijxixj `

řn
i“1 hixi and a

J
j x “

řn
i“1pajqixi.
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In order to understand the theoretical properties of the methods described, we
list a few preliminary results concerning problem (1).

Theorem 1. (Weierstrass Theorem) If f is continuous and X is non-empty,
closed and bounded, then a solution qx of problem (1) exists.

The non-emptiness of X is a trivial assumption, but we provide a sufficient
condition for the closedness of X, in the next proposition.

Proposition 2. If gj is continuous for every j “ 1, . . . ,m, then X is closed.

Proof. Assume by contradiction that X is not closed. A sequence txku Ď X
exists such that xk Ñ x R X (Proposition 29). Therefore j P t1, . . . ,mu exists
such that gjpxq ą bj , and we obtain

lim
kÑ8

gjpxkq ď bj ă gjpxq.

This implies that gj is not continuous.

Note that the equaility contraints we consider are linear, and therefore contin-
uous.

The closedness of X is essential both in establishing the existence of a solu-
tion and for the projection operator to be well-defined.

Aside from simple structures such as box-constraints (i.e. X “ tx P Rn :
lb ď x ď ubu, with lb, ub P Rn), where the boundedness of X is trivial, there is
no easy condition to guarantee the boundedness of X. The next result states
the existence of a solution for problem (1) by exchanging the boundedness of
X with the coercivity of f . The function f is coercive if for every sequence
txku Ď Rn such that }xk} Ñ 8:

lim
kÑ8

fpxkq “ 8.

Theorem 3. (Corollary of Weierstrass’ theorem) If f is continuous and co-
ercive, and X is non-empty and closed, then a solution qx of problem (1)
exists.

We will now require the convexity of both the function f and of the set X, and
we state definitions for both. More details concerning this topic can be found
in the Appendix, specifically in A.2 and A.3.

A set X is said to be convex if for every x, y P X it holds that rx, ys Ď X,
where

rx, ys fi tz P Rn : z “ λx` p1 ´ λqy, 0 ď λ ď 1u.

A function f : Rn Ñ R is said to be:

• convex if for every x, y P Rn:

fpλx` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq, @λ P r0, 1s;
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• strictly convex if for every x, y P Rn with x ‰ y:

fpλx` p1 ´ λqyq ă λfpxq ` p1 ´ λqfpyq, @λ P p0, 1q,

• strongly convex with modulus µ ą 0 if for every x, y P Rn:

fpλx` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq ´ λp1 ´ λq
µ

2
}x´ y}2, @λ P r0, 1s;

• coercive if for every sequence txku Ď Rn such that }xk} Ñ 8:

lim
kÑ8

fpxkq “ 8.

In the case of a quadratic function

fpxq “
1

2
xJQx` hJx

with Q P Rnˆn, h P Rn,

(i) if Q ľ 0, then f is convex;

(ii) if Q ą 0, then f is strongly convex with modulus µ equal to the minimum
eigenvalue of Q.

It is easy to see that strong convexity implies convexity, but the next result
provides another implication that is useful to satisfy the hypoteses of Theorem
3.

Proposition 4. Let f be strongly convex with modulus µ ą 0, Then f is coercive
(See proof in Appendix A.2).

The next Theorem provides sufficient conditions for problem (1) to have a unique
solution.

Theorem 5. Let f be strongly convex with modulus µ ą 0, and let X be convex.
If qx is a solution of problem (1), then rx ‰ qx which is a solution of problem (1)
cannot exist.

We now move on to provide a necessary first-order condition for optimality, also
known as the minimum principle.

Theorem 6. (Optimality Necessity) Let f be continuously differentiable, and
let gj be convex for every j “ 1, . . . ,m. If qx is a solution of problem (1), then

@x P X it holds that ∇fpqxqJpx´ qxq ě 0. (4)

The convexity of gj is also essential to guarantee that the projection onto X is
well-defined, since it guarantees the convexity of X.

Proposition 7. If gj is convex for every j “ 1, . . . ,m, then X is convex.
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Proof. Let y, w P X, that is for every j “ 1, . . . ,m it holds that gjpyq ď bj
and gjpwq ď bj . We will show that for every λ P r0, 1s it holds that z “

λy ` p1 ´ λqw P X:

gjpzq “ gjpλy ` p1 ´ λqwq

ď λgjpyq ` p1 ´ λqgjpwq

ď λbj ` p1 ´ λqbj “ bj ,

for every j “ 1, . . . ,m. This is equivalent to say that ry, ws Ď X, that is, X is
convex.

Note that the linear equality constraints we consider are also convex.

Theorem 8. (Optimality Sufficiency) Let f be continuously differentiable and
convex. If qx P X satisfies (4), then it is a solution of problem (1).

Theorems 6 and 8 show that (4) is a necessary and sufficient condition for a
feasible point to be optimal whenever (1) is a convex problem (that is, f and gj
are convex). In the forthcoming developments we are going to have the following
blanket assumptions, motivated by the results of this section.

Assumptions

• To guarantee existence of solutions through Theorem 1

– f is continuously differentiable;

– X is nonempty and bounded;

– gj is continuous for all j (see Proposition 2);

• To make the minumum principle (4) a necessary (Theorem 6) and sufficient
(Theorem 8) optimality condition

– f is convex;

– gj is convex for all j (see Proposition 7)
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2 Second lecture

Let us provide an alternative and more straightforward projected gradient al-
gorithm, where we avoid computing the direction at each iteration and wwe get
a more straightforward method.

Algorithm 3 Projected Gradient Descent V.2

1: data: x0 P X, α ą 0
2: for k “ 0, 1, . . . do
3: xk`1 Ð PXpxk ´ α∇fpxkqq

4: end for

We have established necessary and sufficient conditions for qx to be a solution of
(1).

qx is a solution of (1) ðñ @x P X it holds that ∇fpqxqJpx´ qxq ě 0.

We can write this condition in the form of a function that establishes the degree
of optimality of a given point x:

GAPpxq “ ´min
yPX

∇fpxqJpy ´ xq.

Evaluating GAPpxq requires solving an optimization problem with linear objec-
tive, and is therefore rather easy. The following proposition is a straightforward
consequence of Theorems 6 and 8.

Proposition 9. The following statements hold:

• qx is a solution of (1) ðñ GAPpqxq “ 0;

• GAPpxq ą 0 ðñ x is not a solution to (1) .

In our convex framework we additionally have that GAPpxq directly relates to
the difference between the values of fpxq and the optimal value fpqxq. This is
due to the following chain

fpxq ´ fpqxq ď ´∇fpxqJpqx´ xq

ď max
yPX

´ ∇fpxqJpy ´ xq

“ ´min
yPX

∇fpxqJpy ´ xq

“ GAPpxq,

where the first inequality is due to (ii) in Proposition 27 and the first equality is
due to Proposition 30, both in Appendix A.4. We have therefore constructed a
way to check if the iterations of our algorithm are getting closer to the optimal
point. Moreover, we can check GAPpxkq and stop the algorithm whenever a
satisfactory accuracy has been reached.
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Let us analyze the same quadratic example as before:

minimize
x

1
2x

JQx` hJx

s.t. aJ
j x ď bj , j “ 1, . . . ,m,

where 1
2x

JQx`hJx “ 1
2

řn
i“1

řn
j“1Qijxixj`

řn
i“1 hixi and a

J
j x “

řn
i“1pajqixi.

For each iteration xk, we can compute GAPpxkq by solving the linear prob-
lem

minimize
y

∇fpxkqJy ´ ∇fpxkqJxk

s.t. aJ
j y ď bj , j “ 1, . . . ,m,

where GAP is the opposite of the optimal function value and ∇fpxkq “ Qxk

This way we can check the progress of our algorithm even when we cannot
visualize the iterations (for instance, when dealing with higher dimensions).
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Projection Operator

Let us now provide a formal definition of the projection operator, as well as two
different well-known results concerning its properties. Given X Ď Rn, for each
x P Rn, we define the projection of x on X as

PXpxq fi argmin
z

"

1

2
}z ´ x}2 : z P X

*

.

As described before, the projection of x on X is the point of X closest to
x. Computing the projection requires solving a convex quadratic optimization
problem in the form

minimize
z

1
2z

JInz ´ xJz

s.t. z P X.

Proposition 10. Let x P Rn e X Ď Rn. If X is closed and nonempty, then
PXpxq exists, if X is convex, then PXpxq is unique.

Proof. Let fpzq “ 1
2}z ´ x}2 “ 1

2

řn
i“1pzi ´ xiq

2.
The function fpzq is continuous and coercive, therefore Theorem 3 holds and

PXpxq exists.
The function fpzq is strongly convex, therefore Theorem 5 holds, and PXpxq

is unique.

Proposition 11. Let x, y P Rn and X Ď Rn nonempty, closed and convex, the
following properties hold:

(i) PXpxq is the only point that verifies

pPXpxq ´ xqJpz ´ PXpxqq ě 0, @ z P X

(ii) }PXpxq ´ PXpyq} ď }x´ y}.

Proof. Let fpzq “ 1
2}z ´ x}2 “ 1

2

řn
i“1pzi ´ xiq

2. From Theorem 6 we have

pPXpxq ´ xqJpz ´ PXpxqq “ ∇fpPXpxqqJpz ´ PXpxqq ě 0, @ z P X,

therefore (i) holds. The uniqueness is a consequence of Theorems 8 e 5.
Using (i) we have

pPXpxq ´ xqJpPXpyq ´ PXpxqq ě 0

by setting z “ PXpyq, and

pPXpyq ´ yqJpPXpxq ´ PXpyqq ě 0
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by writing (i) for y and setting z “ PXpxq. Summing these inequalities, we get

0 ď pPXpxq ´ xqJpPXpyq ´ PXpxqq ` pPXpyq ´ yqJpPXpxq ´ PXpyqq

“ px´ PXpxqqJpPXpxq ´ PXpyqq ` pPXpyq ´ yqJpPXpxq ´ PXpyqq

“ px´ PXpxq ` PXpyq ´ yqJpPXpxq ´ PXpyqq

“ px´ yqJpPXpxq ´ PXpyqq ´ pPXpxq ´ PXpyqqJpPXpxq ´ PXpyqq

“ px´ yqJpPXpxq ´ PXpyqq ´ }PXpxq ´ PXpyq}2

ď }x´ y}}PXpxq ´ PXpyq} ´ }PXpxq ´ PXpyq}2,

where the last two relations are due to the norm properties in Appendix A.1.
Dividing by }PXpxq ´PXpyq} we get (ii) (if }PXpxq ´PXpyq} “ 0 (ii) is trivial).

Lipschitz Conditions

A continuous function f : X Ď Rn Ñ R is Lipschitz continuous if there exists
L ą 0 such that

}fpxq ´ fpyq} ď L}x´ y}, @x, y P X,

and we name the smallest possible L the Lipschitz constant of f . Therefore f
is Lipschitz continuous if it is limited in how fast it can change: there exists a
real number such that, for every pair of points on the graph of this function,
the absolute value of the slope of the line connecting them is not greater than
L.

Any Lipschitz continuous function is continuous.

Remark 12. This condition can be geometrically interpreted as the existence
of a double cone that can be moved along the graph so that the graph stays
outside the double cone. This is clear when considering the monodimensional
case f : R Ñ R. In this case the Lipschitz condition reduces to

|fpxq ´ fpyq| ď L|x´ y|.

If we consider x ă y, we have |x´ y| “ x´ y and the condition can be rewritten
as

´Lpx´ yq ` fpxq ď fpyq ď Lpx´ yq ` fpxq.

This describes the behaviour of f to the right of x, showing that it lies between
two lines with slopes L and ´L, that define the right-facing cone. The same
reasoning can be applied to the case where x ą y to describe the left-facing cone.

A continuously differentiable function f : X Ď Rn Ñ R has a Lipschitz-
continuous gradient if there exists L ą 0 such that

}∇fpxq ´ ∇fpyq} ď L}x´ y}, @x, y P X.

We name the smallest possible L the Lipschitz constant of ∇f , and we write
f P C1,1.
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Proposition 13. Let f : X Ď Rn Ñ R with f P C1,1 with constant L, then
f P C1.

Proof. For any x P X and any ε ą 0 we have }x ´ x} ă ε{L ñ }∇fpxq ´

∇fpxq} ă ε.

The following result is known as the descent lemma.

Proposition 14. Let f : X Ď Rn Ñ R, with f P C1,1 with constant L, and
x, y P X, we have

fpyq ď fpxq ` ∇fpxqJpy ´ xq `
1

2
L}y ´ x}2.

Proof. Consider the function

gpzq “
1

2
LzJz ´ fpzq.

For any z, w P X we have

p∇gpzq ´ ∇gpwqqJpz ´ wq “ pLz ´ ∇fpzq ´ Lw ` ∇fpwqqJpz ´ wq

“ L}z ´ w}2 ´ p∇fpzq ´ ∇fpwqqJpz ´ wq

ě L}z ´ w}2 ´ }∇fpzq ´ ∇fpwq}}z ´ w}

ě L}z ´ w}2 ´ L}z ´ w}2 “ 0,

Therefore g is convex, and we can write

1

2
LyJy ´ fpyq “ gpyq ě gpxq ` ∇gpxqJpy ´ xq

“
1

2
LxJx´ fpxq ` pLx´ ∇fpxqqJpy ´ xq,

which implies

fpyq ď fpxq ` ∇fpxqJpy ´ xq `
1

2
LyJy ´

1

2
LxJx´ LxJpy ´ xq

“ fpxq ` ∇fpxqJpy ´ xq `
1

2
L}y ´ x}2.

We are now ready to provide the convergence result for Algorithm 2, which is
reported below.

Theorem 15. Let f P C1,1 with constant L, any cluster point qx of the sequence
txku produced by the Projected Gradient Algorithm 3 with α P p0, 2{Lq verifies

qx P X, ∇fpqxqJpx´ qxq ě 0, @x P X.
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Furthermore, if α P p0, 1{Lq, we have

fpxkq ´ fpqxq ď
L

2k
}x0 ´ qx}2,

that is, the number of iterations k to ensure a precision of fpxkq ´ fpqxq ă ε is
Op1{εq.

Proof. The sequence txku is well-defined due to Proposition 10. The cluster
point qx P X exists due to the boundedness and closedness of X.

Consider the generic iteration xk. Using (i) of Proposition 11 and considering
z “ xk, we have

pPXpxk ´ α∇fpxkqq ´ pxk ´ α∇fpxkqqJpxk ´ PXpxk ´ α∇fpxkqqq ě 0,

recalling xk`1 “ PXpxk ´ α∇fpxkqq, we have

pxk`1 ´ pxk ´ α∇fpxkqqJpxk ´ xk`1q ě 0,

and then

∇fpxkqJpxk`1 ´ xkq ď ´
1

α
}xk`1 ´ xk}2.

Combining this with the inequality of Proposition 14 where we take y “ xk`1

and x “ xk, we get

fpxk`1q ď fpxkq ` ∇fpxkqJpxk`1 ´ xkq `
L

2
}xk`1 ´ xk}2

ď fpxkq `

ˆ

L

2
´

1

α

˙

}xk`1 ´ xk}2.

Due to α P p0, 2{Lq,
`

L
2 ´ 1

α

˘

ă 0 and therefore the sequence tfpxkqu is mono-
tone nonincresing. By the continuity of f we have fpxkq Ñ fpqxq if xk Ñ qx,
which implies }xk`1 ´ xk}2 Ñ 0. By the continuity of gpxq “ PXpx´ α∇fpxqq

(the projection operator is continuous by (ii) of Proposition 10 and ∇f is as-

sumed continuous) we have an infinite set of indexes qK Ď N such that

0 “ lim
kÑ

|K
8

}gpxkq ´ xk} “ }gpqxq ´ qx},

and then qx “ PXpqx´ α∇fpqxqq. Using (i) of Proposition 11 we get

pqx´ qx` α∇fpqxqqJpx´ qxq ě 0, @x P X,

that proves the claim due to α ą 0.

Theorem 16. Let f P C1,1 with constant L strongly convex with modulus µ.
The sequence txku produced by the Projected Gradient Algorithm 3 with α P

p0, 2µ{L2q converges to qx.
Furthermore, if α “ 1

L , we have

}xk ´ qx} ď τk}x0 ´ qx},

with τ P r0, 1s, that is, the number of iterations k to ensure a precision of
}xk ´ qx} ă ε is Oplogp1{εqq.

12



Proof. For any k P N we have

}xk`1 ´ qx}2 “ }PXpxk ´ α∇fpxkqq ´ PXpqx´ α∇fpqxqq}2

ď }xk ´ α∇fpxkq ´ qx` α∇fpqxq}2

“ }xk ´ qx}2 ´ 2αpxk ´ qxqT p∇fpxkq ´ ∇fpqxqq ` α2}∇fpxkq ´ ∇fpqxq}2

ď p1 ´ 2αµ` α2L2q}xk ´ qx}2,

where in the first equality qx “ PXpqx ´ α∇fpqxqq is due to (i) of Proposition
11; the first inequality is (ii) of Proposition 11; and the last inequality holds
because f P C1,1 and strongly convex.

Therefore by reiterating the inequality until x0, we have

}xk ´ qx}2 ď τk}x0 ´ qx}2,

with τ “ p1 ´ 2αµ` α2L2q.
Under the hyppotheses on α, τ ă 1, and then

lim
kÑ8

}xk ´ qx}2 ď }x0 ´ qx}2 lim
kÑ8

τk “ 0,

which implies the convergence.

We have seen how the Lipschitz constant of the gradient plays a key role in estab-
lishing convergence for the Projected Gradient Algorithm. Unfortunately, de-
riving it is not easy in general, but L is readily available in the case of quadratic
functions

fpxq “
1

2
xJQx` hJx,

where L “ σmaxpQq, µ “ σminQ with σmaxpQq and σminpQq are the maximum
and minimum eigenvalue of Q.
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3 Third Lecture

As seen in Theorem 15, under our assumptions, we have (guaranteed) conver-
gence for a fixed α P p0, 2{Lq. In order to find a practical choice for the fixed
stepsize we can look at the descent lemma (Proposition 14), with y “ xk`1 and
x “ xk:

fpxk`1q ď fpxkq ` ∇fpxkqJpxk`1 ´ xkq `
L

2
}xk`1 ´ xk}2.

This provides us a quadratic upper bound function of xk`1 for the value of f at
iteration k`1 based on the current iteration xk. It is natural to try to minimize
this upper bound w.r.t xk`1, and we have:

argmin
xk`1PX

␣

fpxkq ` ∇fpxkqJpxk`1 ´ xkq ` L
2 }xk`1 ´ xk}2

(

“

argmin
xk`1PX

!∥∥`xk ´ 1
L∇fpxkq

˘

´ xk`1
∥∥2) “

PX

`

xk ´ 1
L∇fpxkq

˘

,

which corresponds to the kth iterate of Algorithm 3 with α “ 1{L. In the case
of µ-strongly convex objective function, using α “ 1{L yields

∥∥xk ´ qx
∥∥ ď

´

1 ´
µ

L

¯k ∥∥x0 ´ qx
∥∥ ,

where qx is the optimal solution of problem (1). Since µ ď L for all strongly con-
vex functions with Lipschitz continuous gradients, we see that the convergence
speed depends on the value of µ{L. Recalling that for a quadratic function

1

2
xJQx` hJx

L is the maximum eigenvalue of Q, and µ is its minimum eigenvalue, the speed
of Algorithm 3 depends on the so-called condition number of the matrix.

We can try it on the following problem:

minimize
x

1
2x

JQx` hJx

s.t. }x´ c}2 ď r2,

where c P Rn and r P R denote the center and radius of the hypersphere defin-
ing the feasible region X. Although 1{L guarantees convergence and is a good
practical choice, it is by no means the best possible choice. In fact, often times
it is quite slow, and a grater stepsize (that possibly does not guarantee conver-
gence) has better results. In fact, the condition α P p0, 2{Lq is only sufficient,
but not necessary (i.e. α P p0, 2{Lq implies that Algorithm 3 converges, but the
opposite is not true).
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Motivated by these observations, we can try to find better stepsize choices
that still guarantee convergence but also provide better practical results. This
means to compute a specific stepsize αk for each iteration.

The first alternative to a fixed αk is to consider a decreasing sequence for the
stepsizes. Intuitively, taking grater steps at the first iterations (when, in general,
we are furthest from the optimal solution) and then reducing the stepsize once
we are closing in on the optimal point. It is rather easy to see that the sequence
used for αk must vanish as the iterations progress. However, we must be careful
that it does not vanish too fast, or we risk our algorithm getting stuck far from
the optimal point.
Diminishing stepsize rule tαku Ď R

αk Ñ 0
8
ÿ

k“0

αk “ 8. (5)

An example of a sequence that satisfies such conditions is the harmonic sequence

αk “
1

kb
, b P p0, 1s.

Therefore we have the following easy algorithm-selecting stepsize, where α is
the initial stepsize, to be reduced through the iterations.

Algorithm 4 Diminishing stepsize

1: data: b P p0, 1s, α ą 0

2: αk Ð
α

kb

Methods such as the one presented above require a sequence αk to be provided
before the algorithm runs, and therefore are hard to calibrate.

The next technique is one of many so-called linesearch technique. In fact,
at each iteration of the algorithm the stepsize is computed based on the local
information of the function, by testing various stepsize until a specific condition
is met. Let us introduce the following function, describing the iterate k ` 1
depending on the stepsize αk:

xk`1pαkq “ PXpxk ´ αk∇fpxkqq.

The Armijo condition we report consists in multiplying an initial stepsize α by
a fixed factor β P p0, 1q until the following condition is met:

fpxk`1pαkqq ď fpxkq ` γ∇fpxkqJpxk`1pαkq ´ xkq,

where γ P p0, 1q. Since, for any αk ą 0, pxk ´ xk`1pαkqqJpxk ´ αk∇fpxkq ´

xk`1pαkqq ď 0 due to (i) in Proposition 10,

∇fpxkqJpxk`1pαkq ´ xkq ď ´
}xk ´ xk`1pαkq}

αk
ď 0.
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Therefore the Armijo condition requires that f decreases sufficiently by taking
a step of αk.

Algorithm 5 Armijo stepsize rule

1: data: xk, α ą 0, γ P p0, 1q, β P p0, 1q

2: αk Ð α
3: while fpxk`1pαkqq ą fpxkq ` γ∇fpxkqJpxk`1pαkq ´ xkq do
4: αk Ð βαk

5: end while

The following Proposition (whose proof can be traced back in [1, Proposition
2.3.3]) states that the procedure to compute the Armijo stepsize has finite ter-
mination.

Proposition 17. For all x P X there exists apxq ą 0 such that the Armijo
condition is met for all α P p0, apxqs.

The Armijo stepsize rule (Algorithm 5) allows us to pick any starting value
α for the stepsize, and then reduce it in case it turns out to be too big to
reduce the objective function. This appealing feature comes at the cost of
computing a projection for each time the stepsize is reduced (we need to compute
xk`1pαkq). Therefore a careful setting of α is essential not to make the projection
computations too costly.

The following is the convergence theorem for both the decreasing and the
Armijo stepsize rules.

Theorem 18. Let f P C1,1 with constant L, any cluster point qx of the sequence
txku produced by the Projected Gradient Algorithm 3 with αk computed through
Algorithm 4 or 5 verifies

qx P X, ∇fpqxqJpx´ qxq ě 0, @x P X.

Proof. See [1, Section 2.3].

We have seen in the previous section that computing the projection corresponds
to solving an optimization problem. Although the Armijo stepsize shows promis-
ing practical results, the need to compute the projection at each iteration is
rather expensive. Fortunately, there are some (easy) cases where the projection
of a point onto X can be obtained though a closed form expression.

• Halfspace

Consider X “ tx P Rn : aJx ď bu, with a P Rn, b P R. We have

PXpxq “

#

x if aJx ď b

x´ aJx´b
}a}2

a if aJx ą b;
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• Box set

Consider X “ tx P Rn : li ď xi ď ui, i “ t1, . . . , nuu with li, ui P

R Y t´8,`8u. We have

rPXpxqsi “

$

’

&

’

%

li if xi ď li

xi if li ă xi ă ui

ui if xi ě ui;

• Hypersphere

Consider X “ tx P Rn : }x ´ c}2 ď r2u, where c P Rn is the center and
r P R is the radius. We have

PXpxq “

#

x if }x´ c}2 ď r2

c` r px´cq

}x´c}
if }x´ c}2 ą r2;

• Standard simplex

Consider X “ tx P Rn : 0 ď xi ď 1, i “ t1, . . . , nu, and
ř

xi “ 1u. We
have that PX is obtained through the following finite steps method:

1. Input x “ px1, ¨ ¨ ¨ , xnqT P Rn;

2. Sort x in the ascending order as xp1q ď ¨ ¨ ¨ ď xpnq, and set i “ n´ 1;

3. Compute ti “

řn
j“i`1 xpjq´1

n´i . If ti ě xpiq then set t̂ “ ti and go to
Step 5, otherwise set i Ð i´ 1 and redo Step 3 if i ě 1 or go to Step
4 if i “ 0;

4. Set t̂ “

řn
j“1 yj´1

n ;

5. Return PXpxq “ maxtpx´ t̂, 0qu.

• Standard simplex with negative lower bound

Consider X “ tx P Rn : lb ď xi, i “ t1, . . . , nu, and
ř

xi “ 1u, with
lb P Rn and lb ď 0.

1. Apply the transformation

y “
px´ lbq

1 ´
ř

lbi
;

2. compute PY pyq where Y “ tx P Rn : 0 ď xi ď 1, i “ t1, . . . , nu, and
ř

xi “

1u though the previous finite-steps procedure;

3. apply the reverse transformation

PXpxq “ PY pyq

´

1 ´
ÿ

lbi

¯

` lb.
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Lastly, consider the case of portfolio optimization, where we want to choose the
portion of the budget to invest in n different assets (therefore xi corresponds to
the investment into asset i)

f “ δ
1

2
xJΣx´ µJx

and X “ tx P Rn : 0 ď xi ď 1, i “ t1, . . . , nu, and
ř

xi “ 1u. The matrix Σ
is the covariance matrix of the assets’ returns (and is therefore always positive
semidefinite) and the vector µ corresponds to the expeted value of the assets
return. The parameter δ regulates the degree of risk in our desired portfolio, the
higher the value of δ, the more we are interested in minimizing the risk (despite
the expected return).
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4 Fourth Lecture

Algorithm 6 Newton method for unconstrained optimization

1: data: x0 P Rn

2: for k “ 0, 1, . . . do
3: dk Ð solution of ∇fpxkq ` ∇2fpxkqpdkq “ 0
4: xk`1 Ð xk ` dk

5: end for

Let us recall the optimiztion problem we are trying to solve.

minimize
x

fpxq

s.t. Cx “ c

gjpxq ď bj , j “ 1, . . . ,m.

(6)

In this section we will look at a different kind of optimality condition for prob-
lem (6) (which is both necessary and sufficient just like (4)) in the case of
continuously differentiable contranints gj for j “ 1, . . . ,m.

A point qx is said to satisfy the Karush Kun Tucker (KKT) conditions if there
exist µ P Rp and λ P Rm (called KKT multipliers) such that

(primal) Feasibility Cqx “ c, gjpqxq ď bj , j “ 1, . . . ,m; (7)

Stationarity ∇fpqxq ` CJµ`

m
ÿ

j“1

λj∇gjpqxq “ 0; (8)

(dual) Feasibility λj ě 0, j “ 1, . . . ,m; (9)

Complementarity λjpgjpqxq ´ bjq “ 0, j “ 1, . . . ,m. (10)

The following Theorems state that these conditions are both necessary and
sufficient for the optimality of problem (6).

Theorem 19. (Karush–Kuhn–Tucker (KKT) conditions (necessity)) Let f P

C1, and let gj P C1 be convex for every j “ 1, . . . ,m. Assume the following
Constraints Qualification (CQ) to hold

Dx : gjpxq ă bj , j “ 1, . . . ,m and Cx “ c. (11)

If qx P X is a solution to problem (6), then qx satisfies the KKT conditions
(7)-(10).

Proof. See [3, Theorem 1.14].

The condition (11) is called the Slater Constraint Qualification, and it is (usu-
ally) the easiest to verify for a given problem. There exist stronger CQs that
play the same role in the proof of Theorem (19) (for more details, the reader is
referred to [3, Section 1.1]).
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Theorem 20. (Karush–Kuhn–Tucker (KKT) conditions (sufficiency)) Let f P

C1, and let gj P C1 be convex for every j “ 1, . . . ,m. If qx satisfies the KKT
conditions (7)-(10), then it is a solution to problem (6).

Proof. See [3, Theorem 1.16].

Equation (10) states that whenever gjpqxq ă 0, the corresponding KKT multi-
plier must satisfy λj “ 0. It is easy to see that (8)-(10) can be combined to get
the following

∇fpqxq ` CJµ`
ÿ

jPApqxq

λj∇gjpqxq “ 0, (12)

where Apqxq fi tj P t1, . . . ,mu : gjpqxq “ bju (the constraints gj with j P Apqxq

are called active contraints at qx).
In the forthcoming developments we will assume that all requirements of

Theorems 19 and 20 are satisfied. That is f, gj P C1 and convex for all
j “ 1 . . .m and (11) holds. The KKT multipliers µ and λ have the follow-
ing interpretation. Consider the following function

F pbq “ mintfpxq : gjpxq ď bj , j “ 1, . . . ,mu,

which is the optimal value of f on X, depending on the constants bj that define
the constraints. It can be shown that, for all j

BF

Bbj
“ ´λj ,

that is, the jth KKT multiplier is the improvement (since we are minimizing) of
the objective function for small changes in the value of bj defining the constraint.

Given the above necessary and sufficient conditions it is natural to try to
develop a method to directly target them by addressing the stationarity equation
(8).

The classical Newton method is introduced for the generic equation

Φpxq “ 0, (13)

where Φpxq : Rn Ñ Rn is a smooth mapping. Given an initial guess x0 P Rn,
the iteration of the Newton method is to compute xk`1 as the solution of the
following linear equation

Φpxkq ` Φ1pxkqpx´ xkq “ 0. (14)

The idea is to solve the nonlinear equation (13) by iteratively addressing its
linear approximation (at xk) (14). This is computationally much simpler, and
shows strong convergence properties.

Proposition 21. Let Φpxq : Rn Ñ Rn P C1, let qx be a solution of (13). If
Φ1pqxq is a nonsingular matrix, the iterative procedure (14) with any starting
point x0 P Rn close enough to qx produces a sequence txku that converges to qx.
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Let us first consider the case of unconstrained optimization (i.e. we remove all
constraints of our original problem (6) therefore X “ Rn).

minimize
x

fpxq

s.t. x P Rn.
(15)

For problem (15) the necessary and sufficient KKT conditions reduce to finding
qx such that ∇fpqxq “ 0. To find solutions to such equation, we can rely on
the Newton method with Φpxq “ ∇fpxq, that is, given an initial guess x0,
xk`1 “ xk ` dk, where dk is the solution of the following linear equation

∇fpxkq ` ∇2fpxkqpdkq “ 0. (16)

Since the Newton method requires computing the derivative of Φpxq “ ∇fpxq,
we require f to be twice continuously differentiable (we write f P C2, for a
formal definition see Appendix A.2).

Proposition 22. Let fpxq : Rn Ñ R P C2, let qx be a solution of (16). If
∇2fpqxq is not singular, Algorithm 6 with any starting point x0 P Rn close
enough to qx produces a sequence txku that converges to qx.

Furthermore, it holds that there exists a sequence tτku Ñ 0 such that

}xk ´ qx} ď

k´1
ź

i“0

τi}x
0 ´ qx}.

If the Hessian of f is Lipschitz continuous with constant L on S “ tx P Rn :
fpxq ď fpx0qu, that is ∥∥∇2fpxq ´ ∇2fpyq

∥∥ ď L ∥x´ y∥

for all x, y P S, we have

}xk ´ qx} ď τ2
k

´1}x0 ´ qx},

with τ P p0, 1q.

Proof. See [3, Theorem 2.15]

Some comments regarding the prevous convergence result are in order. The
condition ∇2fpqxq non singular can be guaranteed whenever f is strongly convex
on S (in fact, in this case ∇2fpxq ą 0 for any x P S).

Let us now compare the convergence rates obtained for our methods so far:
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given qx a solution to (15), we have

PGD (Algorithm 3) fpxkq ´ fpqxq ď

∥∥x0 ´ qx
∥∥

k

PGD (Algorithm 3) s.c. f
∥∥xk ´ qx

∥∥ ď τk
∥∥x0 ´ qx

∥∥ pτ P p0, 1qq

Newton }xk ´ qx} ď

k´1
ź

i“0

τi}x
0 ´ qx} pτi Ñ 0q

Newton f P C2 }xk ´ qx} ď τ2
k

´1}x0 ´ qx} pτ P p0, 1qq

It is evident that the fast convergence rate of Newton’s method is an appeal-
ing feature, but the convergence is only guaranteed for ”good” (that is, close to
the optimal point) starting guesses x0. In order to achieve global convergence
(i.e. convergence for any starting guess x0) we need to corroborate our method
with a lineserach technique such as the Armijo one. In this version, the Armijo
condition is slightly different than the one used in Algorithm 5. In fact, starting
from α, we need to multiply our step by a factor of β P p0, 1q, until

fpxk ` αkdkq ď fpxkq ` γαk∇fpxkqdk.

The full Newton method with linesearch is outlined in the algorithm below.

Algorithm 7 Newton method for unconstrained optimization

1: data: x0 P Rn

2: for k “ 0, 1, . . . do
3: dk Ð solution of ∇fpxkq ` ∇2fpxkqpdkq “ 0
4: compute αk through linesearch
5: xk`1 Ð xk ` αkdk

6: end for

Proposition 23. Let fpxq : Rn Ñ R P C2, let qx be a solution of (16). If
∇2fpxq ą 0 for all x, Algorithm 7 with any starting point x0 P Rn close enough
to qx produces a sequence txku that converges to qx.

In practice, the initial guess for the Armijo procedure is α “ 1, since we want
to preserve the fast convergence properties of the Newton method once we are
close to the optimal solution.

Let us move on and consider now an optimization problem with only linear
equality constraints

minimize
x

fpxq

s.t. Cx “ c,
(17)

that is, X “ tx P Rn : Cx “ cu. For the rest of our analysis we will assume that
C has full rank.
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The KKT conditions for problem (17) reduce to finding x and µ such that

„

∇fpxkq ` CJµ
Cx´ c

ȷ

“

„

0
0

ȷ

which corresponds to finding a solution to an equation of n ` p variables. We
can therefore apply Newton’s method with Φpx, µq : Rn`p Ñ Rn`p defined as

Φpx, µq “

„

∇fpxkq ` CJµ
Cx´ c

ȷ

“ 0.

For each iteration k, with a feasible xk, the Newton direction dk for the variable
x by solving the following linear equation system

„

∇fpxkq

0

ȷ

`

„

∇2fpxkq CJ

C 0

ȷ „

dk

wk

ȷ

“

„

0
0

ȷ

. (18)

The vector wk represents the change in the variable µ, which is not used in the
algorithm. First, we note that for any feasible xk, xk`1 “ xk ` αkdk is always
feasible for any αk, since we have

Cpxk ` αkdkq “ Cxk ` αkCdk “ 0

due to the feasibility of xk and to the second block of p equations in (18).

The non-singularity of the KKT matrix

„

∇2fpxkq CJ

C 0

ȷ

is equivalent to

the following:
Ax “ 0, x ‰ 0 ùñ xJ∇2fpxqx ą 0.

As an important special case, we note that if ∇2fpxq ą 0 for all x P X, the
KKT matrix must be nonsingular.

Algorithm 8 Newton method for equality-constrained optimization

1: data: x0 P X
2: for k “ 0, 1, . . . do
3: dk Ð solution of (18)
4: compute αk through linesearch
5: xk`1 Ð xk ` αkdk

6: end for

Theorem 24. Let fpxq : Rn Ñ R P C2, let qx be a solution of (18). Let the
following conditions hold on all x in the the level-set S “ tx P Rn : fpxq ď

fpx0q, Cx “ cu:

• ∇2fpxq ď MI;

•

∥∥∥∥∥
„

∇2fpxq CJ

C 0

ȷ´1
∥∥∥∥∥ ď K for some K ą 0;

23



Algorithm 8 produces a sequence txku that converges to qx.

Proof. See [2, Section 10.2.4].

To introduce inequality constraints, one needs to include into the KKT condi-
tions at x the following:

• from primal feasibility (equation (7)) bj ´ gjpxq ě 0;

• from dual feasibility (equation (9)) λj ě 0;

• from complementarity (equation (10)) λjpbj ´ gjpxqq “ 0,

for all j “ 1, . . . ,m. This can be done through the so-called complementarity
functions such as the natural residual function ψpv, zq “ mintv, zu : R2 Ñ R.
In fact, such function has the property that

ψpv, zq “ mintv, zu “ 0 ðñ v ě 0, z ě 0, vz “ 0,

which describes the inequality-related part of the KKT conditions, considering
v “ bj ´ gjpxq and z “ λj for all j. Unfortunately, any suitable complemen-
tarity function is non differentiable, and therefore requires a more complicated
analysis. For more details concerning this topic, the reader is referred to [3,
Section 3.2.1].
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5 Fifth Lecture

We have devised a Newton method for solving equality-constrained problems,
but we still have to tackle the general problem including inequality constraints.

minimize
x

fpxq

s.t. Cx “ c

gjpxq ď bj , j “ 1, . . . ,m.

(19)

The first idea is to rewrite problem (19) by making the inequality constraints
implicit in the objective:

minimize
x

fpxq `
řm

j“1 I´pgjpxq ´ bjq

s.t. Cx “ c,
(20)

where I´ : R Ñ R is called the indicator function,

I´puq “

#

0 if u ď 0

8 if u ą 0.

Problem (20) has only equality constraints, but I´ is non differentiable. In order
to avoid this issue, it is possible to use a barrier function that approximates
the indicator function:

pI´puq “ ´
1

t
logp´uq,

where t ą 0 is a parameter that regulates the degree of approximation, the
greater the value of t, the better the approximation. Substituting this into our
problem we get

minimize
x

fpxq `
1

t

m
ÿ

j“1

´ logpbj ´ gjpxqq

s.t. Cx “ c.

The barrier function is differentiable and convex, since ´ logp´uq is convex and
monotone increasing in u, and gj is assumed convex for all j. We define the log
barrier function

φpxq fi

m
ÿ

j“1

´ logpbj ´ gjpxqq,

whose domain is the set of points that satisfy the inequality constraints strictly,
and φ Ñ 8 as gjpxq ´ bj Ñ 0 for any j. We arrive at the final (parametric)
formulation of our problem equipped with the log barrier function

minimize
x

fpxq `
1

t
φpxq

s.t. Cx “ c.
(21)
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Problem (21) is an approximation of the original problem (19) and we define
qxptq its solution. The quality of the approximation increases with the increase
of parameter t, in fact, it can be shown (see [2, Section 11.2.2]) that

f pqxptqq ´ fpqxq ď
m

t
,

where qx is the solution of the original problem (19) and m is the number of its
inequality constraints. This confirms the idea that qxptq Ñ qx as t Ñ 8.

Based on the previous discussion one could, in theory, choose a tolerance
ε, set t “ m{ε and solve the corresponding problem (21) and guarantee the
desired error in the solution. In practice, however, the parameter t is large (i.e.
when the tolerance ε is small), the objective of (21) is difficult to minimize
by Newton’s method, since its Hessian varies rapidly near the boundary of the
(original) feasible set. This approach can therefore only be used when dealing
with small problems, good starting points, and high tolerance (i.e. ε not too
small).

The way to obtain stable convergence of the method is to start from a
relatively low value for t, and iteratively solve problem (21) increasing t at
each iteration. This is called an interior-point method, since qxptq is strictly
feasible (gj pqxptqq ă b) for all t ą 0, and therefore the sequence produced by
solving (21) with different values for t remains strictly feasible with respect to
the original inequality constraints.

It can be shown that, whenever (21) cannot be solved through the Newton
method (see Theorem 24), one can add the simple convex quadratic constraint

∥x∥2 ď R2, which ensures the hypotheses of Theorem 24 hold (see [2, Section
11.3.3]).

The scheme is as described in the following Algorithm, which requires a
starting point x0 P X̊ “ tx P Rn : Cx “ x, gjpxq ă bj , j “ 1, . . . ,mu.

Algorithm 9 Interior-point log barrier method

1: data: x0 P X̊, t0 ą 0, η ą 1
2: for k “ 0, 1, . . . do
3: compute qxptkq as a solution of min fpxq ` p1{tkqφpxq subject to Cx “ c

starting at xk

4: xk`1 Ð qxptkq

5: tk`1 Ð ηtk

6: end for

We refer to each execution of step 3 as an outer iteration, and to the Newton
iterations executed at each outer iteration (for solving the subproblem with
t “ tk) as inner iteration.

Some comments are in order concerning the choice of η, which involves a
trade-off in the number of inner and outer iterations required. With a small
value of η, each outer iteration requires solving a problem that is similar to the
previous one, and therefore the previous point xk is a good starting point for the
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computation of xk`1. On the other hand, a small η means more outer iterations
are required to reach a desirable accuracy.

The availability of the starting point x0 P X̊ is not, in general, trivial, but
x0 can be computed through the so-called phase I method, that involves solving
a simple preliminary optimization problem (see [2, Section 11.4.1 ]).
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A Definitions and Additional Results

A.1 Norms

A norm } ¨ } : Rn Ñ R is a function satisfying the following properties:

(i) }x} ě 0, @x P Rn

(ii) }x} “ 0 if and only if x “ 0

(iii) }ax} “ |a|}x}, @ a P R, x P Rn

(iv) }x` y} ď }x} ` }y}, @x, y P Rn.

Proposition 25. Let x, y P Rn, it holds that

}x´ y} ě }x} ´ }y}.

Proof. It comes out by resorting to property (iv):

}x} “ }px´ yq ` y} ď }x´ y} ` }y}.

The Euclidean norm is defined as:

}x} fi

g

f

f

e

n
ÿ

i“1

x2i .

Proposition 26. Let x, y P Rn, it holds that

xJx “ }x}2, |xJy| ď }x}}y}.

A.2 Functions

A function f : Rn Ñ R is said to be:

• continuous (f P C0) if for every x P Rn and every sequence txku Ď Rn

such that xk Ñ x:
lim
kÑ8

fpxkq ´ fpxq “ 0;

• continuously differentiable (f P C1) if f P C0 and ∇f : Rn Ñ Rn

exists continuous such that for every x P Rn and every sequence txku Ď Rn

such that xk Ñ x:

lim
kÑ8

fpxkq ´ pfpxq ` ∇fpxqJpxk ´ xqq

}xk ´ x}
“ 0;
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• two times continuously differentiable (f P C2) if f P C1 and ∇2f :
Rn Ñ Rnˆn exists continuous such that for every x P Rn and every
sequence txku Ď Rn such that xk Ñ x:

lim
kÑ8

fpxkq ´ pfpxq ` ∇fpxqJpxk ´ xq ` 1
2 pxk ´ xqJ∇2fpxqpxk ´ xqq

}xk ´ x}2
“ 0;

Proposition 27. Let f P C1, the following statements are equivalent:

(i) f is convex;

(ii) for every x, y P Rn:

fpyq ě fpxq ` ∇fpxqJpy ´ xq;

(iii) for every x, y P Rn:

p∇fpyq ´ ∇fpxqqJpy ´ xq ě 0;

(iv) if f P C2, for every x P Rn:

∇2fpxq ľ 0,

that is
vJ∇2fpxqv ě 0, @ v P Rn.

Proposition 28. Let f P C1, the following statements are equivalent:

(i) f is strongly convex with modulus µ;

(ii) for every x, y P Rn:

fpyq ě fpxq ` ∇fpxqJpy ´ xq `
µ

2
}y ´ x}2;

(iii) for every x, y P Rn:

p∇fpyq ´ ∇fpxqqJpy ´ xq ě µ}y ´ x}2;

(iv) if f P C2, for every x P Rn:

p∇2fpxq ´ µIq ľ 0,

that is
vJ∇2fpxqv ě µvJv, @ v P Rn.
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Proof of Proposition 4. Let txku Ď Rn be any sequence such that }xk} Ñ 8.
By resorting to Propositions 28, 26 and 25, for every k we can write:

fpxkq ě fpx0q ` ∇fpx0qJpxk ´ x0q `
µ

2
}xk ´ x0}2

ě fpx0q ´
ˇ

ˇ∇fpx0qJpxk ´ x0q
ˇ

ˇ `
µ

2
}xk ´ x0}2

ě fpx0q ´
›

›∇fpx0q
›

› }xk ´ x0} `
µ

2
}xk ´ x0}2

“ fpx0q `

´µ

2
}xk ´ x0} ´

›

›∇fpx0q
›

›

¯

}xk ´ x0}

ě fpx0q `

´µ

2
}xk} ´

µ

2
}x0} ´

›

›∇fpx0q
›

›

¯

}xk ´ x0}.

Since
`

µ
2 }xk} ´

µ
2 }x0} ´

›

›∇fpx0q
›

›

˘

Ñ 8 and }xk ´ x0} ě }xk} ´ }x0} Ñ 8, we
obtain

lim
kÑ8

fpxkq ě fpx0q ` lim
kÑ8

´µ

2
}xk} ´

µ

2
}x0} ´

›

›∇fpx0q
›

›

¯

}xk ´ x0} “ 8.

Let f : Rn Ñ R be a quadratic function:

fpxq “
1

2
xJQx` hJx` d “

1

2

n
ÿ

i“1

n
ÿ

j“1

Qijxixj `

n
ÿ

i“1

hixi ` d,

with Q P Rnˆn, h P Rn and d P R, then

(i) f P C2 and for every x P Rn it holds that∇fpxq “ Qx`h and∇2fpxq “ Q;

(ii) if Q ľ 0, then f is convex;

(iii) if Q ą 0, then f is strongly convex with modulus µ equal to the minimum
eigenvalue of Q.

A.3 Sets

Consider a set X Ď Rn. We indicate with

BX fi tz P Rn : Bpz, ρq XX ‰ H, Bpz, ρq X pRnzXq ‰ H, @ ρ ą 0u

the boundary of X, where Bpy, ρq is the open ball with ray ρ ą 0 and center
y P Rn:

Bpy, ρq fi tz P Rn : }z ´ y} ă ρu .

We indicate with
X̊ fi XzBX

the interior of X.
The set X is said to be:
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• open if BX XX “ H;

• closed if BX Ď X;

• bounded if D ą 0 exists such that }x} ď D{2 for every x P X;

• compact if it is closed and bounded;

• non-empty if x P X exists.

• convex if for every x, y P X it holds that rx, ys Ď X, where

rx, ys fi tz P Rn : z “ λx` p1 ´ λqy, 0 ď λ ď 1u.

A.4 Additional Results

Proposition 29. Let X Ď Rn be a set that is not closed. Then a sequence
txku Ď X exists such that xk Ñ x R X.

Proposition 30. Every solution of the problem minxPX fpxq is a solution of
maxxPX p´fpxqq and vice versa. Moreover, we have

min
xPX

f “ max
xPX

´ f, max
xPX

f “ min
xPX

´ f.
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